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Let S = S(G) be a Segal algebra on the locally compact abelian group G. 
(For fundamental material on Segal algebras see [4].) The L1 relative completion 
Si of S is defined as follows. Let 
Denote by B,l the closure of B, in L1 with respect to the Li norm. Then Si 
is defined to be uABO BA1. In [I, Corollaries 2.4 and 2.51, it was shown that the 
elements of S1 (there denoted S) are precisely the L1 functions (absolutely 
continuous measures) that are multipliers from L1 to S. For some well-known 
Segal algebras S, this characterized all multipliers from L1 to S. However, there 
are many Segal algebras S with multipliers from L1 to S that are not absolutely 
continuous. For example, let T denote the circle group, let 2 <p < co, 
and let S = {fc L1(T) / f”~ I”}. It is clear that every measure p E 2liil( T) such 
that @E 1” is a multiplier from L1 to S. Some of these p are not absolutely 
continuous. 
In this paper we define a larger relative completion S- and show that for any 
Segal algebra S, the space (Ll, S) of multipliers from L1 to S is (isometric and 
isomorphic to) S-. 
For simplicity we consider Segal algebras on the reals R. The extension to 
o-compact groups is immediate, and the extension to arbitrary locally compact 
abelian groups is not difficult. 
We say that a sequence {h,} in L1 = L’(R) . is uniformly concentrated (abbre- 
viated u.c.) if 
lim A,+ir s ,I, N I Mt)l dt = 0 
uniformly in K. 
> 
That is, {hk} is U.C. if for every E > 0 there exists N such that 
r 1 k,(t)/ dt < t . If,>?+ 
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for all k. (Thus, to verify that a given sequence {hR} is U.C. it is sufficient to show 
that, for every E, (*) holds for some N and all k 3 some K. For then, with a 
possibly larger N, (*) must hold for all K.) 
DEFINITION 1. Let S be a Segal algebra on R, and let 
B.4 = {fE s I llflls G 4. 
We say that the (bounded regular) measure p belongs to P, if there exists a 
sequence {h,} in S such that 
h,EB,,, (k = 1, 2,...), 
{hk} is u.c., (1) 
and 
$lz R,(x) = p(x) uniformly on all compact subsets of R. (2) 
(We shall abbreviate (2) as A, + 6 ocs.) 
Condition (2) does not imply that {h,} is U.C. An example of this is given in 
Remark 7. 
DEFINITION 2. The tilda relative completion SW of the Segal algebra S on R 
is defined as 
S- = u B-, , 
A>0 
where B-, is as in Definition 1. 
For p E S- we define 
ll~ll-=,$A. 
Thus, if p E S- and 11 p Jlu = x then, for any E > 0, t.~ E Bz+, . Hence there 
exists (hJ in S such that 
II h, /Is d 2 + E (R = 1, 2,...), 
h I,--i; uniformly ocs, 
Vd is U.C. 
It is easy to verify that S1 C 9. 
Also, it is evident that if h E S then h E S- and 
II h IL G II h Its . (3) 
For if h E S, let x = /I h /Is and let h, = h for K = 1, 2 ,.... Then h, E B, , 
A, - h uniformly on all of R, and {h,} is U.C. Hence h E B*, so that 11 h IJu < x = 
II h /Is . 
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The establishment of the inequality opposite to (3) for h E S is shown in 
Theorem 5. 
We make use of the Fejer kernel {a,,,} where 
S,(t) = (T-rmP-l(1 - cos mt) (m = 1, 2,...; --co < t < co). 
We recall that 116, Ii1 = I, and that (6,) is an approximate identity both for L1 
and for S. 
We first prove 
LEMMA 3. If p E M and if m, N are positive integers, then 
where 01 m = Jy S,(t) dt and I/ p I/ is the total variation of p on R. 
Proof. We may assume that p 2 0. We have 
6, * CL(X) = R&4 + %nW 
where 
(4) 
R,(x) = j” %n(x - t) 44th 
--Jc 
&(-4 = jf L(x - 0 44). 
First, 
j;+, R,(x) dx = jr+, dx j-1 6,(x - t) dp(t) = j-L d&) j;+, s,(x - t, dx 
= I‘“, d&) j:,,-, 
s,(x) dx < j” d&) jm k(x) dx, 
--ia 1 
and so 
s 
m R,(x) dx < %n II P II ’ 
N+l 
Also 
j;+, &nW dx G j; 44) jiildt L(x) dx 
and so, since /) S, /I1 = 1, 
j;+, &n(x) dx e j; 44). (6) 
Hence, from (4), (5), and (6), 
s m %n * p(x) < N+l f 
,f G(t) +. am il CL II . 
(5) 
(7) 
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In precisely the same manner it may be shown that 
s -(N+l) 47l * p(x) < j-” dp(t) + “m II p II * --m --no 
The lemma now follows.from (7) and (8). 
We deduce 
COROLLARY 4. If p E M and h, = a,, c p, then (h,} is KC. 
Proof. Given E > 0, there exists N such that 
By Lemma 3, 
But 
s I k&)l dx G (43 + 2s II CL II - Irl>N+1 
a m lim 01, = lim m+m I m-rm1 
S,(t) dt = lim 
s m-m l 
1 -=;; mt dt 
= lim 
s 
m 1 - cos t dt = o 
m+m m Trt2 
(8) 
(9) 
Hence, mm < ~(4 Ij p j/)-l for m greater than some K. From (9) we conclude 
s 
I U4I dx < E (m > K), 
Id>N+1 
which proves that {h,} is U.C. 
Our characterization of the multipliers from L1 to S is a consequence of 
THEOREM 5. If h E S then II h IIs < 11 h iI_, and so (by (3)), I/ h IIs = I/ h iI_. 
Proof. It is sufficient to show that 
Ilhllw < 1 implies II h IIs G 1. (10) 
For suppose that (10) holds but there is some g in S such that jl g II- < II g IIs . 
Then IJg IJu < p < jig IIs for some /?. But then h = g//3 violates (10). 
We therefore proceed to establish (10). Suppose 11 h IIN < 1. Then by Defini- 
tion 2, h E B-, . Hence, by Definition 1 there exists a uniformly concentrated 
sequence {h,} in S such that 
and 
II kc Ils G 1 
I b(x) - &)I < l/k2 
(h = 1, 2,...) (11) 
(4 < x ,( h; h = 1, 2,...). (12) 
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Given E > 0 choose N such that 
J / h,(t)1 dt <; c (k = I, 2,...). Ifl>N (13) 
Now (11) implies /I h, /I1 < 1 f or all K. Hence, some subsequence hki converges 
to a measure v in the weak* topology for M. But (I 2) shows that fi,i(x) converges 
to h(x) for all x. By [3, p. 1331 it follows that h = V. Hence h,‘ converges weak* 
to h. This and (13) imply 
J’ I h(t)1 dt < E. lXl>N (14) 
From (13), (14), and Lemma 3 we have 
and 
s 
I 6, * h,(x)1 dx < E $ 2alc 1, h, ill 
IzI>N+1 
.r I 6, * +)I dx < E + 2a, Ii h III . Id>N+l 
But j/h, l/r < I/ h, ]ls < 1 for all k. The weak* convergence mentioned above 
implies /I h Ill < 1. Hence 
s , l>N+l I 4c * h,(x) - 6,; * 441 dx < 2~ + 4a, . (15) z/ 
Now S, * hk and 6, * h are continuous L1 functions. Their Fourier transforms 
d&z, and A,& are in L1. (Here A,(t) =8,(t) = (1 - (1 t l/k)) for j t 1 < k, while 
A,(t) = 0 for (t) > k.) By Fourier inversion [2, p. 161, 
6, * hk(x) - 6, * h(x) = & jTk ciztdk(t) [&(t) - h(t)] dt 
for all x. Hence, by (12), 
! 6, * hk(x) - 6, * h(x)1 .< I/(&) 
so that 
s 
N+l 
-(N+l) 
I 6, * h,(x) - 6, * h(x)1 dx < y. 
From (15) and (16) we conclude 
/I 6, * h, - 8, * h Ill < 2~ + 401~ + y 
and so 
li~+~up 1: S,‘, * h,. -- 6, * h !~, ;; 2t. 
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This implies 
But 
since the Fejer kernel is an approximate identity for L1. Thus 
For fixed A4 = 1,2,... we then have 
I/ 5~ * h Ils = i+~ II 6, * 6, * h, IIs. (17) 
But, using (1 l), we have 
II 4,, * 6, * 4 IIs < II %, *S, II1 II h/c I/s < II 6, II1 . II % II1 * II 4 Ils d 1 . 1 . 1 = 1. 
This and (17) show 
II 8, * h IIs < 1. 
Since {S,V] is an approximate identity for S, we may let M -+ CO and obtain 
II h /Is < 1. 
Thus (10) is established and the proof is complete. 
Our main result is 
THEOREM 6. Let TV E M = M(R). Then 
(i) PES” 
if and only if 
(ii) p E (Ll, S). 
If either (and hence both) (i) or (ii) holds, then 11 p lIu = 11 T,, jj , where T,, is the 
multiplier operator from L1 to S defined by convolution with CL. (That is, T,f = 
P *f-l 
Proof. We first show that (i) implies (ii). Suppose p E 9, /I p lIu = A. Then 
given E > 0 there exists {ha} in S such that 
II h, /Is G A + E (k = 1, 2,...), 
h k-f@ uniformly ocs, 
(18) 
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and 
{h,: is u.c. 
Since {hk} is u.c., there exists N such that 
. ,t/>N I h&l dt G 42 r (k = 1, 2,...). / (19) 
Now choose a positive integer M such that 
a, < E[4(A + e)]-’ 
If m > M, (19) and Lemma 3 imply 
(m > M). (20) 
From (18) and (20) we then have, for all k, 
.r Id>iV+1 1 S, * h&v)1 dx ,< + + 2<[4(A + <)I-’ (A + E) = E (m >, M). 
We thus see that, for fixed m 3 M, the sequence (8, c hk)czl is U.C. (With more 
detailed analysis we could show that this is true for each m > 1, but this will not 
be necessary.) Since 
I/ L * h, l!s G II L I/I II h, l/s G A + E 
and 
n n 
6,~h,=A,h,+A,fi=S,*p uniformly ocs, 
we have 6, * p E S- and 
/I~,*/-II-GA +c (m > M). 
But then, by Theorem 5, 
II L * I-1 Ils < A + E (m >, M). (21) 
Now let f be any function in Ll. For n = 1,2 ,... let g, = /I * S, * 6, *f. We 
shall show that {g,} is a Cauchy sequence in S. For, 
and so 
II& -gg, IIS < I/P * 6, + I* * h2 I/s II 6, *f- so* *fiL * 
MULTIPLIERS OF SEGAL ALGEBRAS 495 
Hence by @I), if m, n 3 M, II g, -g,, IL < 264 + E> II 8, *f - 6, *fill, 
which is small for m, n sufficiently large. Thus {g,} is Cauchy in S, so 
for some h E S. This implies lim,,, 11 g, - k l/r = 0 so that 
297 - K on R. 
But& = bAnA, f- b. on R. Hence /; = /?.. so that h = TV * f. Thus TV *f E S 
and 
II P *f l!s = II h /IS = ;A2 II g, IIS < liT+Fp II IL * 6, /IS II 6, *f II1 . 
Using (21) again, we see that 
II CL *f I/s < (A + 4 llf III - 
Thus, for every f EG, we have p *f E S and // p *f (Is < (A + 6) )I f III . Hence 
p E (Ll, S) and II T, 11 < A + E. Therefore, 
(i) implies (ii) and II T,, II < II CL llu . (22) 
Conversely, suppose p E (Ll, S). Then since II&II r = 1, 
II T, II b S”KP II %c * P IIs. 
Let h, = 6, * p. Then Corollary 4 implies that {h,} is U.C. Since 
and 
II h, Ils = II &c * P Ils < II T, II , 
h, = Akji-+/.2 uniformly ocs, 
we have p E SW and )I p IIN < 11 T, 1) , This shows that 
(ii) implies (i) and 
The theorem follows from (22) and (23). 
II T, II > II CL IL . (23) 
Remark 7. Now we show that the condition that a sequence {kk} of Fourier 
transforms must converge uniformly on compact sets does not imply that (hk} 
is U.C. For, from the fact that the Fourier cosine transformation from L’[O, 00) 
to Lm[O, co) does not have a bounded inverse, it follows that there exists 
a sequence {glc> of even functions in E(R) such that jl g, /II = 1 for all k, and 
// & Ilrn < l/k for all k. For each k, let h,(t) = gk(t - k). Then R,(x) = @&(x), 
so that II k, Ilm = I/& [la < l/k. Hence 
l&-+--t uniformly on R. 
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However, for any k, 
Hence, there is no N such that 
(24) 
holds for all k. Indeed, (24) is false for all k > N since, for such k, 
s cc N I hk(t)l dt > 1;‘ j h,(t)/ dt == 4. . k 
Thus, {/z~} is not uniformly concentrated. 
We might add that in the very special case where the h, are all probability 
density functions, the convergence of the R, does imply that the h, are U.C. 
This is an easy consequence of the Levy continuity theorem. 
Remark 8. If the group G is compact there is, of course, no need for a 
“uniformly concentrated” hypothesis, since there are no “tails” for functions 
on G. For compact G the following holds: 
THEOREM. Let S be a Segal algebra on the compact abelian group G. Then p 
is a multiplier from L, to S if and only if there exists {hk) in S such that 
and 
II h, ils < A < ~0 (k = 1, 2,...) (25) 
R 7c-fi on e. (26) 
Note that if G is compact then G is discrete. Hence, the pointwise convergence 
of A, in (26) is equivalent to uniform convergence of A, on compact (finite) 
sets. This is, in turn, equivalent (in the presence of (25)) to the convergence of 
h, to p in the weak* topology for M. Hence, the last theorem may be restated 
as follows: 
THEOREM. Let S be a Segal algebra on the compact abelian group G. Let B, 
be as in (I ). Then p is a multiplier from L1 to S if and only ifp belongs to the weak* 
closure of some B, . 
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